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ABSTRACT 
1 
There are many flows of p r a c t i c a l  importance where both Tollmien- 
S c h l i c h t i n g  waves and Taylor-Gortler v o r t i c e s  are p o s s i b l e  causes  of t ran-  
s i t i o n  t o  turbulence .  In t h i s  paper, t h e  effect o f  f u l l y  non l inea r  Taylor- 
G o r t l e r  v o r t i c e s  on t h e  growth of small amplitude Tollmien-Schlichting waves 
is  i n v e s t i g a t e d .  The b a s i c  s t a t e  cons idered  is the  f u l l y  developed flow 
between c o n c e n t r i c  c y l i n d e r s  d r i v e n  by an  az imutha l  p r e s s u r e  g r a d i e n t .  It is  
hoped t h a t  an  i n v e s t i g a t i o n  of this problem w i l l  shed l i g h t  on t h e  more com- 
p l i c a t e d  e x t e r n a l  boundary l a y e r  problem where a g a i n  both modes of i n s t a b i l i t y  
e x i s t  i n  t h e  presence of concave curva ture .  The type  of Tol lmien-Schl ich t ing  
waves cons idered  have t h e  asymptotic s t r u c t u r e  of lower branch modes of p l ane  
P o i s s e u l l e  flow. Whilst i n s t a b i l i t i e s  a t  lower Reynolds number are p o s s i b l e ,  
t h e  la t ter  modes are s i m p l e r  t o  analyze and more r e l e v a n t  t o  t h e  boundary 
l a y e r  problem. The e f f e c t  o f  f u l l y  non l inea r  Taylor -Gor t le r  v o r t i c e s  on both 
two-dimensional and three-dimensional waves is determined. It is shown t h a t ,  
w h i l s t  t he  maximum growth as a func t ion  of frequency i s  not g r e a t l y  a f f e c t e d ,  
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In laminar boundary-layer flows over a surface, such as a wing, shear- 
flow instabilities in the form of Tollmien-Schlichting waves can occur. These 
waves are the subject of m c h  theoretical and experimental interest since it 
is thought that they cause transition to turbulence. When the flow is over a 
curved surface, centrifugal instabilities such as Taylor or Gortler vortices 
.. 
may also be present. These may interfere destructively with the Tollmien- 
Schlichting waves and thereby delay transition. Alternatively, by making the 
flow three-dimensional, they could play an essential part in the process of 
transition. The interaction of these two types of instabilities is therefore 
of some theoretical importance and has practical applications in the develop- 
ment of laminar-f low wings. 
Hall and Bennett (1986) showed that when Tollmien-Schlichting waves 
travel past a curved boundary, an unstable Stokes-layer forms on the wall, and 
it was suggested there that the growth of longitudinal vortices in this 
Stokes-layer could destroy the Tollmien-Schlichting waves. In this paper, we 
consider the opposite problem, namely the stability of a Dean (1928) type 
Taylor vortex in a channel to small amplitude travelling waves. By comparing 
our results with the stability analysis of a channel flow without any vortex 
motion, we hope to be able to tell whether the presence of the vortices 
hinders or enhances the growth of the Tollmien-Schlichting waves. A related 
problem was studied by Nayfeh (1981) in which Gortler vortices were allowed 
to interact with oblique Tollmien-Schlichting waves. There the Gortler vortex 
.. 
.. 
was determined by solving the parallel flow linear instability equations and 
had its amplitude assigned arbitrarily. Such a procedure could lead to 
incorrect results because Hall (1982a, 1983) has shown that nonparallel 
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.. 
e f f e c t s  cannot be ignored i n  t h e  l inear  G o r t l e r  i n s t a b t l i t y  problem. 
Moreover, a f i n i t e  amplitude G o r t l e r  v o r t e x  has i ts  amplitude determined by 
t h e  G o r t l e r  number and cannot be s p e c i f i e d  a r b i t r a r i l y .  Furthermore,  i n  t h e  




given  (Hal l  (1982b)), t h e  mean flow d i s t o r t i o n  induced by t h e  fundamental is 
t h e  same s i z e  as the  fundamental. I n  such a s i t u a t i o n ,  i t  is clear t h a t  t h e  
c o n t r i b u t i o n  of t h e  mean flow c o r r e c t i o n  and its harmonics cannot be 
ignored .  The channel flow considered h e r e  does not vary i n  the  streamwise 
d i r e c t i o n ,  so  non-para l le l  e f f e c t s  do not occur.  Bennett (1986),  however, has  
shown t h a t  our a n a l y s i s  does apply t o  e x t e r n a l  non-pa ra l l e l  f lows ,  though 
r e s u l t s  f o r  t h a t  problem w i l l  not be a v a i l a b l e  u n t i l  t h e  f u l l y  non l inea r  
G o r t l e r  problem i n  e x t e r n a l  flows has been so lved  numerically.  
.. 
We conf ine  our a t t e n t i o n  t o  t h e  l i n e a r  s t a b i l i t y  of t he  vo r t ex  motton a t  
h igh  Reynolds numbers. Furthermore, we s h a l l  concen t r a t e  on t h e  lower branch 
of t he  n e u t r a l  curve,  so  t h a t  t h e  Tollmien-Schlichting waves are governed by 
i n t e r a c t i v e  boundary-layer theory.  This  case d e s c r i b e s  a sympto t i ca l ly  almost 
a l l  t h e  uns tab le  range of high Reynolds number d i s tu rbances .  I n  Sec t ion  2 ,  w e  
d e r i v e  t h e  d i spe r s ion  r e l a t i o n  l i n k i n g  t h e  wave-frequency t o  t h e  wave-number 
f o r  waves t r a v e l l i n g  p a r a l l e l  t o  t he  main d i r e c t i o n  of t h e  flow. Th i s  is done 
in a similar manner t o  Smith (1979a), where t h e  s t a b i l i t y  of u n i d i r e c t i o n a l  
f low was considered. The d i f f e r e n c e  between t h a t  and t h e  p re sen t  work is t h a t  
t h e r e  t h e  bas i c  flow v a r i e d  on a cross-stream ( z )  d t s t a n c e  comparable t o  t h e  
long  wavelength of t he  d i s t u r b a n c e s ,  whereas t h e  z -va r i a t ion  i n  our b a s i c  flow 
is governed by the shape of t h e  Taylor vor tex .  I n  S e c t i o n s  2 - 6 ,  w e  cons ide r  
square" Taylor v o r t i c e s ,  where t h e  z v a r i a t i o n  is  comparable t o  t h e  channel 11 
width and the re fo re  much f a s t e r  than  t h e  streamwise ( x )  v a r i a t i o n  of t h e  
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waves. I n  Sec t ions  3 and 4 ,  we look a t  two l i m i t s  of t h e  d i s p e r s i o n  r e l a t i o n  
de r ived  i n  S e c t i o n  2. F i r s t l y ,  i n  Sec t ion  3, w e  look a t  what happens when the  
amplitude of t h e  Taylor v o r t e x  is small, s o  t h a t  t h e  v o r t e x  is governed by t h e  
weakly non-linear theory  of Seminara (1976). Secondly, i n  Sec t ion  4, w e  f i n d  
how t h e  s c a l e d  wave number a of t h e  Tollmien-Schlichting waves behaves 
when t h e  s c a l e d  wave frequency Cl i s  l a r g e .  I n  S e c t i o n  5 ,  w e  d e s c r i b e  t h e  
numerical  c a l c u l a t i o n s  needed t o  work ou t  t h e  vo r t ex  v e l o c i t y  f i e l d  and t o  
f i n d  s o l u t i o n s  of t h e  d i s p e r s i o n  r e l a t i o n .  Sec t ion  6 ex tends  t h e s e  r e s u l t s  t o  
t h e  case of waves t r a v e l l i n g  obliquely t o  t h e  flow. F i n a l l y ,  i n  S e c t i o n  7 ,  w e  
g i v e  a d i s c u s s i o n  of our r e s u l t s  and t h e i r  re levance .  
2. THE DISPERSION REWLTION POB S U L  AMPLITUDE TOLJJ4IEN-SCHLICET.ING WAVES I N  .. 
THE PRESENCE OF FULLY "LINEAR TAYLOR-GORTLER VORTICES 
We take  as our b a s i c  flow the Taylor v o r t e x  t h a t  arises i n  t h e  Dean 
(1928) problem when incompressible f l u i d  is d r i v e n  between c o n c e n t r i c  
c y l i n d e r s  by a cons t an t  azimuthal p r e s s u r e  g r a d i e n t .  If t h e  r a d i i  of t h e  
c y l i n d e r s  are a and a + d ,  then w e  assume t h a t  t h e  channel is narrow, t h a t  
is 6 = a /d  >> 1, s o  t h a t  t h e  Taylor v o r t e x  i s  an i n s t a b i l i t y  of p l ane  
P o i s e u i l l e  flow, d r i v e n  by c e n t r i f u g a l  f o r c e s .  I f  (r , 8 , z ) are 
c y l i n d r i c a l  po la r  c o o r d i n a t e s ,  w i t h  r = 0 corresponding t o  t h e  axes  of t h e  
* * *  
* 
c y l i n d e r s ,  we d e f i n e  dimensionless coord ina te s  ( x , y , z , t )  by 
where t h e  Reynolds number R e  = U,d/v, v is t h e  v i s c o s i t y ,  Um is a t y p i c a l  
-4- 
mean flow speed, and t i s  a d imens ionless  t i m e .  The d imens ionless  v e l o c i t y  
and p res su re  of t h e  Taylor vo r t ex ,  (u,v,w) and p,  are g iven  by 
and 
is  the  mean flow d r i v e n  by t h e  p r e s s u r e  g r a d i e n t .  
S u b s t i t u t i n g  t h e s e  expres s ions  i n t o  t h e  Navier-Stokes equa t ions  and 
2 ignor ing  terms of O ( 6 )  and O(Re6 ), we g e t  
VU; = Nu, a v  a w  2 a  1 - + - =  0, (v - -)u - - a y  a z  a t  2 
(2.3) 
3 3 3 3 
T aLu  
a z 2  
N w - - -  NV + -  a L  ayaz 
a a %  a" 
a z 2  a z  
( V 2  - =)V2v + TUO - = - 
where 
1 a a N E - (V - + w z). 2 a 2  a* v 2 - + -  
ay2 az 2 '  2 a Y  
The boundary condi t ions  are 
0 on y = 0 , l  u = v = w =  
and u ,  v ,  and w p e r i o d i c  i n  z ,  
(2.4) 
(2.5) 
w h i l s t  t h e  Taylor number T has been de f ined  by 
-5- 
The l i n e a r  i n s t a b i l i t y  problem discussed  by Dean (1928) can be obta ined  
by l i n e a r i z i n g  (2.31, so t h a t  t h e  r i g h t  hand s i d e s  van i sh ,  and by r e p l a c i n g  
a / a t  by (3. I f  t h e  Taylor number T is  p l o t t e d  a g a i n s t  t h e  wave-number 
k f o r  s t eady  s o l u t i o n s  of Dean's problem, p e r i o d i c  i n  z wi th  per iod  21r/k, 
an  open n e u t r a l  curve t y p i c a l  of convective o r  c e n t r i f u g a l  i n s t a b i l i t i e s  i s  
found. P o i n t s  €n (k ,T)  space above t h i s  n e u t r a l  curve correspond t o  
u n s t a b l e  l i n e a r  Taylor v o r t i c e s ,  wh i l s t  those  below rep resen t  Taylor v o r t i c e s  
t h a t  decay t o  zero  when t + u . The c r i t i c a l  po in t  of t h e  curve i s  g iven  
by T = Tc = 5161.86, k = kc = 3.951. Here we are i n t e r e s t e d  i n  f u l l y  
non l inea r  s t eady  s o l u t i o n s  of (2.2) - (2.6). These e x i s t  i n  a r eg ion  above 
t h e  l t n e a r  n e u t r a l  curve and are obtained numer ica l ly  i n  t h e  manner desc r ibed  
i n  Sec t ion  5. 
W e  now cons ide r  what happens when t h e  Taylor vor tex  v e l o c i t y  (2.1) is 
per turbed  by h igh  Reynolds number Tollmien-Schlichting waves t r a v e l l i n g  
p a r a l l e l  t o  t he  x-axis. For R e  >> 1 ,  t h e  components of v e l o c i t y  i n  (2.1) 
pe rpend icu la r  t o  t h e  x-axis become n e g l i g i b l e .  Smith analyzed t h e  s t a b i l i t y  
of a u n i d i r e c t i o n a l  flow depending on two s p a t i a l  v a r i a b l e s  y and z near  
t h e  lower branch of t h e  n e u t r a l  curve when t h e  p e r t u r b a t i o n s  vary on a slow 
x l e n g t h  scale of O(Re1I7) .  I n  h i s  work, t h e  v a r i a t i o n  of t h e  b a s i c  flow i n  
t h e  c r o s s  stream d i r e c t i o n  z was a l s o  on a long l eng th  scale of O(Re1/7). 
I n  t h i s  s e c t i o n ,  t h e  b a s i c  flow v a r i e s  on a r e l a t i v e l y  f a s t  O(1) l e n g t h s c a l e  
i n  z ,  forced  by t h e  behavior of the Taylor vor tex .  There a r e ,  however, cir- 
cumstances i n  which t h e  z v a r i a t i o n  of t h e  Taylor vor tex  is of O(Re1l7), 
but t h e s e  occur a t  much h ighe r  Taylor numbers and t h e r e f o r e  are not d i scussed  
here .  
-6- 
Following Smith, then,  but t a k i n g  i n t o  account t h e  d i f f e r e n t  z scales,  
w e  write 
- * 
-1/7 , x = E 'X, € = R e  = c 3  U t /d. m (2.7) 
The flow s p l i t s  up i n t o  t h r e e  r e g i o n s ,  a n  i n v i s c i d  core, and a v iscous  
c r i t i c a l  l a y e r  of th ickness  O(c2) on each w a l l .  
I n  t h e  core,  w e  p e r t u r b  t h e  Dean problem as fo l lows  
* 2 -  3 ^  - u = Un[~,o,o) + (E u, E v ,  c 3  ;)E + ...I 
* 2 4 -  p = pUm(c p E + ...) 
- 
where U(y,z) = Uo + u is t h e  v e l o c i t y  of t h e  mean flow and Taylor  vor tex ,  
CI 
E = h exp(i(aX - $IT)), h << 1 
and t h e  v a r i a b l e s  denoted by A are f u n c t i o n s  of y and z only.  On sub- 
s t i t u t i n g  i n t o  t h e  Navier-Stokes equat ions ,  w e  g e t  
i a u + v  + w  = O  
Y Z  
A n  n 




i a U v = -  
A 1 
pz i a D w = -  
(2.10a-d) 
-7- 
w i t h  s l i p p i n g  c o n d i t i o n s  a t  t h e  walls 
CI 
v = 0 a t  y = 0,l  (2.11) 
n a n n  n A  
and u,  v, w, and p are p e r i o d i c  i n  Z.  The s c a l i n g s  f o r  u,  v ,  and 
p are those of Smith w h i l s t  t h a t  f o r  w i s  forced  by a comparison of t h e  
a a 
las t  two momentum e q u a t i o n s  (2.10c,d). The v e l o c i t i e s  i n  (2.9) can now be 
w r i t t e n  i n  terms of t h e  p r e s s u r e  
a L 
i a v  = - pY/D 
n a 
i a w  = - p,/E 
(2.12) 
S u b s t i t u t i n g  t h e s e  e x p r e s s i o n s  i n t o  t h e  f i r s t  momentum equat ion  (2.10b), w e  
..a a 




The boundary c o n d i t i o n s  (2.11) together  wi th  t h e  f a c t  t h a t  U vanishes  a t  
both  walls imply t h a t  
* n n 
= 1 a t  y = 0 , l .  - -  py pyy - pz (2.14) 
It can be shown from (2.13) and (2.14) t h a t  t h e  co re  problem does not 
a 
s p e c i f y  p uniquely ,  s i n c e  f o r  any s o l u t i o n  of (2.13) and (2.14) we can add 
-8- 
n 
on and mul t ip ly  by a r b i t r a r y  c o n s t a n t s  t o  g e t  a n o t h e r  s o l u t i o n .  Thus p is  
determined by the i n t e r a c t i o n  between t h e  core and t h e  viscous l a y e r s  a t  y = 
0 , l .  
n 
I f  P = +  i s  a s o l u t i o n  of (2.13) and s a t i s f i e s  t h e  boundary 
c o n d i t i o n s  
c $ = O  a t  y = O , $ = l  a t  y = l ,  (2.15) 
c) 
t h e n  i t  can be shown by series expansions i n  y and (1 - y) t h a t  p = + 
also s a t i s f i e s  the boundary condi t ions  (2.14). Hence 
n 
and PO is a l s o  a s o l u t i o n  of (2.13) and (2.14) €o r  a r b i t r a r y  c o n s t a n t s  
p1 
n 
and is  t h e r e f o r e  t h e  g e n e r a l  s o l u t i o n .  
As we move i n t o  t h e  lower boundary-layer, t h e  co re  pressure  and unper- 
tu rbed  v e l o c i t y  are such t h a t  
- A  
P + Po + o ( ~ ~ ) ,  E + x0(z)y ,  as y + 0. 
Hence from (2.12) t h e  d i s t u r b a n c e  v e l o c i t i e s  are such t h a t  
1 2 A u + A ( z ) ,  v + -ia%y, wO(y ) as y + 0. 0 
The displacement term A. s a t i s f i e s  






The core  v e l o c i t i e s  and p r e s s u r e  behave in a similar manner t o  (2 .16)  - (2.18) 
as we move i n t o  t h e  upper boundary layer. 
In t h e  lower c r i t i c a l  l a y e r ,  we write 
2 y = E  Y 
* 2 2 -  5 -  3 -  u = U [ ( E  XoY,O,O) + (E u ,  E v ,  E w ) E . . . ]  m - 
which, i gnor ing  terms of O(h2), leads t o  t h e  equa t ions  
N N  N 
i a u + v y + w  2 = o  
N N N N N 
i(4 + aXoY)u + AOv + XozYw = - iapo + uyy 
N N 
P O l Z  + wYY i(4 + aXoY)G = - 
N 
po = cons t  
w i t h  boundary c o n d i t i o n s  
N N N  
u = v = w = O  on Y = O ,  
A 
N N N 
u + Ao, w + 0 ,  po + po as Y + a, 
N N N N  N 





come from matching wi th  t h e  core 
have been chosen as l a r g e  as whereas t h e  s c a l i n g s  f o r  w and 
p o s s i b l e .  These two terms w i l l  be d r i v e n  by matching with h igher  o r d e r  terms 
i n  t h e  co re  and are no t  s p e c i f i e d  uniquely by (2.19) and (2.20). Equat ions 
(2.18) d i f f e r  from t h e  l i n e a r i z e d  boundary-layer equat ions  so lved  by Smith 
only  i n  t h a t  the p r e s s u r e s  Po and Po1 are not equal  here.  Following 
Smith, ( 2 . 1 9 ~ )  can be so lved  f o r  w i n  terms of 









N and A i  i s  the Airy f u n c t i o n  t h a t  s a t i s f i e s  A i “  = . $ A i .  E l imina t ing  v 
between (2.19a) and (2.18b) by d i f f e r e n t i a t i n g  (2.18b), s u b s t i t u t i n g  f o r  w 
from (2.21) and s o l v i n g  f o r  u we  g e t  
N 
N 
( ~ u A , ) ~ ’ ~  = -A N p M ’ ( 5 )  + Aoz N pol {3M’(5) + M””(5) 
O Olzz Z 
(2.23) 
N 
where t h e  constant  B is determined by t h e  o u t e r  boundary c o n d i t i o n  on u 





From matching wi th  t h e  c o r e  po = po and p u t t i n g  Y = 0 i n  (2.19b) and 
u s i n g  (2.23) and (2.24), we g e t  an express ion  f o r  
and Ao. S u b s t i t u t i n g  f o r  from (2.18) g i v e s  
N N 
Po 1 po i n  terms of 
The problem i n  t h e  upper c r i t i ca l  l a y e r  a t  y = 1 i s  t h e  same as t h a t  
N N  N 
a t  y = 0 w i t h  (A1 (21, A1, p l ’  p l l ’  P l >  i n s t e a d  of (Ao(z), Po’ 
N 
A 
i n  equat ions  (2.19) t o  (2.241, and wi th  (2.18) rep laced  by 
Po19 Po) 
A 
I 0 YYY Y’l’ 
1 *  
2 Al(ia) 2 = - -  (P, - P IO 







I n  t h e  l i m i t  as 3/32 + O(Re ), pol ,  and p l l  would tend t o  
N 
and s o  t h a t  (2.25) and (2.27) would become t h e  coupled second o r d e r  






d e a l  wi th  as they are only f i r s t  o r d e r  d i f f e r e n t i a l  equat ions  i n  
N 
I n t e g r a t i n g  (2.25) once and us ing  t h e  p e r i o d i c i t y  c o n d i t i o n  ( 2 . 2 0 ~ )  P11'  
g i v e s  
2 
2n/k I 'O(Zl)dzl 
= e  dz 
n 2  
O = P o a  I 
0 
A A 
I n t e g r a t i n g  (2.27) g i v e s  a similar e q u a t i o n  € o r  po and p1 i n v o l v i n g  
L. A 
and on e l i m i n a t i n g  po and p1 from t h s e  two equat ions  we o b t a i n  5' 
2 z 
(2.28) z 
T h i s  is t h e  d i s p e r s i o n  r e l a t i o n  or e i g e n r e l a t i o n ,  g i v i n g  a i n  terms of 
s2 f o r  high Reynolds number, l i n e a r  Tol lmien-Schl icht ing waves. It a p p l i e s  
t o  any u n i d i r e c t i o n a l  flow ( E ( y , z ) , o , o ) ,  so  long as t h e  per iod of t h e  z 
v a r i a t i o n  2n/k << R e 1 j 7 .  Thus t h e  e i g e n r e l a t i o n  i s  a l s o  a p p l i c a b l e  t o  h i g h  
Reynolds number flows i n  pipes  of f i n i t e  cross-sect ion.  Here z would 
correspond t o  d is tance  measured around t h e  pipe.  
-13- 
Three s t a g e s  are needed t o  work o u t  va lues  of (a,Q) on t h e  curve  
- 
given  by (2.28) f o r  t h e  Taylor  vortex case U = U + u; 0 
( i )  F i r s t ,  f o r  a g iven  Taylor number T w e  must f i n d  a s t e a d y  so lu-  
- 
t i o n  of (2.2) - (2.4) and hence U;  
- 
( i i )  Once U i s  known we can determine t h e  co re  p r e s s u r e  $I by 
s o l v i n g  (2.13) and (2.15);  
( i i i )  F i n a l l y  we can s o l v e  (2.28) w i t h  co,  q 0 ,  c , ,  and JI ,  g iven  by 
(2.22), (2.25), and (2.27) and X o  and X I  given by 
3. WEAKLP “ L I N E A B  TEEORY 
In o r d e r  t o  f i n d  n o n l i n e a r  s o l u t i o n s  of t h e  vor tex  e q u a t i o n s  (2.2) - 
(2.5), we need t o  use a numerical  method, as i n  S e c t i o n  5. However, when t h e  
Taylor  number is only s l i g h t l y  greater than t h e  c r i t i c a l  l i n e a r  Taylor  
number t h e  ampli tude of t h e  v o r t i c e s  is small and s o l u t i o n s  of (2.2) - 
(2.5) are descr ibed  by t h e  weakly nonl inear  theory of Seminara (1976). We now 
apply our d i s p e r s i o n  r e l a t i o n  (2.28) t o  Seminara’s v e l o c i t y  p r o f i l e .  The 
r e s u l t s  we o b t a i n  i n d i c a t e  how t h e  s t a b i l i t y  of t h e  flow i s  a f f e c t e d  when t h e  
f low becomes s l i g h t l y  three-dimensional and w i l l  p rovide  a u s e f u l  check on t h e  
f u l l  nonl inear  c a l c u l a t i o n s  of Section 5. The weakly nonl inear  v e l o c i t y  i n  
t h e  streamwise d i r e c t i o n  i s  given by 
Tc, 
3 coszkz) + O(A ). + Aulcoskz + A (u20 + u22 - 2 U = U 0 
-14- 
Here the  vortex wavenumber k 
= 3.951, and the vo r t ex  amplitude A i s  r e l a t e d  t o  t h e  Taylor  number by 
is  t h e  c r i t i c a l  one f o r  l inear  v o r t i c e s ,  k = kc 
T - T 1 / 2  
A = 0.1725( << 1. 
TC 
The v e l o c i t i e s  u l ,  u20, and u22 are g iven  by Seminara (1976) and are 
independent of z. 
The s o l u t i o n  of t h e  p re s su re  equa t ion  (2.13) wi th  boundary cond i t ions  
(2.15) i s  then forced  t o  behave i n  a s imilar  manner t o  (3.1) 
$ = 6 ,  + A$lcoskz + A 2 ( t$20  + $ 2 2 ~ ~ ~ 2 k z )  + O(A3 ). (3.3) 
Here we are only i n t e r e s t e d  i n  the  l ead ing  o rde r  effects  of t h e  v o r t e x  on t h e  
d i s p e r s i o n  r e l a t i o n .  S ince  t h e  i n t e g r a l  of coskz over a per iod  is  ze ro ,  t h e  
fundamental O ( A )  terms w i l l  only appear as a product w i th  o t h e r  O(A) 
terms and so  w i l l  only have an  O(A2) e f f e c t .  Hence w e  must a l s o  t a k e  i n t o  
By a s imilar  argu- $20' account t h e  mean flow c o r r e c t i o n  terms u20 and 
2 ment t h e  f i r s t  harmonic terms O ( A  )cos2kz w i l l  on ly  have an  O(A3) 
e f f e c t ,  and s o  are ignored here .  S u b s t i t u t i n g  (3.3) i n t o  (2.13) w e  f i n d  t h a t  
t h e  p r e s s u r e  term t$ is g iven  by 




6 6 - 5 ( T - r )  uou 20 u1 + $  - - -  l Y  uo Y 20 
L 
u1 u1 u0'20 c = J (5(- - + $ l y  T ) d Y  3 0 
(3.4) 
-15- 
and t h a t  t he  fundamental p r e s s u r e  term +1 i s  governed by 
= 0 a t  y = 0 , l .  1 Y  ( ~ ) y  - k - = -  
uO 
If we write t h e  s k i n  f r i c t i o n  a t  the  walls as 
(3.5) 
X o  - Dyly=o = 6 + Aplcoskz + A 2 (v20  + ...) 
(3.6as b) 
t hen  from (3.4) t h e  p r e s s u r e  terms we need t o  e v a l u a t e  the  d i s p e r s i o n  r e l a t i o n  
are 




5 2  
420 ly=l  = 2@2() - 7 v 1  + 4 1  l y = l  6 - 
YYY YYY 
We can d e f i n e  a mean va lue  f o r  E , ,  6 ,  by w r i t i n g  
(3.7) 
and s u b s t i t u t i n g  (3.6a) i n t o  t h e  d e f i n i t i o n  of JI,, (2.25), we f i n d  a f t e r  
some s i m p l i f i c a t i o n  t h a t  t h e  i n t e g r a t i n g  f a c t o r  i n  (2.28) becomes 
z 
I JIOdZl 
2 G coskz + O(A ) )  0 1 e 
-16- 
where 
(3 .9b)  
Also, t h e  rest of t h e  in t eg rand  i n  t h e  e i g e n r e l a t i o n  can be w r i t t e n  as 
where 
(3. l o b )  
and 
- -’ A i  + 5 (TK + A i ’ ) ( c  + & + 2 F 7 ) .  A i  ( 3 . 1 0 ~ )  9 F 2 =  1 + 5  - Ai’  KAi 
Combining these r e s u l t s  we  can  e v a l u a t e  t h e  p a r t  of (2.28) corresponding t o  
t h e  lower boundary l a y e r  
F1 G 
- $ 1  ly=o u l ( r  + ‘7; - 1)/360 - C]). 
YYY 
Using a s i m i l a r  r e s u l t  f o r  t h e  o t h e r  ha l f  of (2.28), we get t h e  fo l lowing  
-17- 
e i g e n r e l a t i o n  
( 6 i a  ) 'l3a 2K(f) 
60Ai' (r) 
FIG 3 (F2 + -- T )  + 36 12 
(3.11) 
where w e  have used t h e  r e s u l t  p20 + v20 = 0. 
ob ta ined  from Seminara (1976) and by s o l v i n g  (3.5) 
The c o n s t a n t s  i n  (3.11) are 
2 2  
= 8.072 u l  + v l  36 
( V l y y y 1 0  + " l+ lyyy  I 1 ) = 6.843 
-2C = 26.86. 
We now choose t o  look only a t  t h e  s p a t i a l  s t a b i l i t y  of t h e  v o r t e x  motion, 
t h a t  is  f o r  a given real frequency Q w e  s o l v e  (3.11) numer€cal ly  t o  f i n d  
t h e  imaginary p a r t  of t h e  wavenumber, t u r n s  out  t o  t h e  wavenumber. I f  a 
be  p o s i t i v e ,  then t h e  r e s u l t i n g  waves decay downstream as x + 0 0 ,  w h i l s t  
if ai  < 0 t h e  waves w i l l  grow exponent ia l ly .  Equat ions (3.8),  (3.9b), 
(3.10b,c),  and (3.11) were solved at v a r i o u s  v a l u e s  of 52 by Newton-Raphson 
i t e r a t i o n  i n  a .  F igure  1 shows a p l o t t e d  a g a i n s t  $2, f o r  
A = 0, . l ,  .15 corresponding t o  Taylor numbers of T = Tc, 1.33Tc, 1.76TC. 
The g e n e r a l  p a t t e r n  is t h e  same i n  a l l  t h r e e  cases. For t h e  frequency less 
(depending on t h e  Taylor  number), a l l  d i s t u r b -  t h a n  some c r i t i c a l  va lue  






nor decay. This po in t  corresponds t o  t h e  asymptot ic  l i m i t  of t h e  lower branch 
of t h e  n e u t r a l  curve. For !J > Q C  a l l  waves grow, and as s2 + 00 ,  (ai) 
decays t o  zero s i n c e  w e  are tending  towards t h e  upper branch of n e u t r a l  
curve.  Disturbances corresponding t o  the  upper branch occur on d i f f e r e n t  
l e n g t h  and time scales t o  t h e  lower branch d i s t u r b a n c e s ,  so  t h a t  i n  an 
a n a l y s i s  near the uppe r  branch x and t would be s c a l e d  on d i f f e r e n t  powers 
of the  Reynolds number t o  (2.71, so t h a t  however l a r g e  f l  i s  w e  w i l l  never 
a c t u a l l y  reach t h e  upper branch where a = 0. The r e s u l t s  of F igure  1 show 
and t h a t  t he  v o r t i c e s  have n e g l i g i b l e  e f f e c t  on t h e  n e u t r a l  frequency 
t h a t  t he  growth rate over  a l a r g e  band of f r equenc ie s  i s  s i g n i f i c a n t l y  
inc reased .  T h i s  corresponds t o  a d e s t a b i l i z a t i o n  of P o i s s e u l l e  flow by t h e  
v o r t i c e s .  We s h a l l  s e e  t h a t  t h i s  t rend  i s  a l s o  found when t h e  f u l l y  n o n l i n e a r  
problem is solved numerically.  
i 
n C  
4. THE EIGE FREQUENCY LIMIT, Q + - 
In t h i s  s ec t ion  w e  determine t h e  asymptot ic  behavior of t h e  e i g e n r e l a t i o n  
+ =  as Q + -  , which means (2.28)  when il + 00. We assume t h a t  
t h a t  E o  and 5 + =. This  can be checked a t  t h e  end of t h e  c a l c u l a t i o n .  
F i r s t  we need two r e s u l t s  g i v i n g  t h e  behavior of t h e  Airy f u n c t i o n ,  i t s  de r iv -  
a t i v e ,  and I ts  i n t e g r a l  f o r  l a r g e  arguments. Wri t ing  A i ( s )  = A i " / s  and 




Also i t  is known ( s e e  e.g., Ahramowitz and Stegun (1965)) t h a t  t h e  r a t io  of 
t h e  Airy f u n c t i o n  t o  its d e r i v a t i v e  i s  g iven  by 
as 5 + a. (4.2) -112 A i / A i '  N - 5 
Using t h e s e  two r e s u l t s  w e  can c a l c u l a t e  t h e  asymptot ic  behavior  of each t e r m  
i n  (2.28). So from (2.25) us ing  (4.1) and (4.2) we g e t  
and u s i n g  (2.22) w e  can write t h i s  as 
A Oz XOZa 
3 1/2 $ O U T -  (-in ) 
Hence t h e  i n t e g r a t i n g  f a c t o r  
z 
so  t h a t  
z 
Also from (4.1) and (4.2) 
+ ... ) = + + e . . ) .  (4.5) oa 
31 2 (-iQ3)'/2 
K(E o) - e o ( l  + 
-20- 
Combining t h i s  with (4.3) g i v e s  
S u b s t i t u t i n g  (4.4) and (4.6) t o g e t h e r  wi th  s imilar  express ions  i n v o l v i n g  C;, 
i n t o  t h e  d i s p e r s i o n  r e l a t i o n  (2.28), w e  o b t a i n  
where 
1 @ 1  @O + 2 n  a 2a + - {  2aa - 2aa - 
3 1 / 2  3 112 L1 k(-iSl ) Lo k(-iR ) 
(4.7) 
We can now obta in  an asymptot ic  series f o r  a i n  i n v e r s e  powers of Sl 
from (4.7) in the form 
a - CIR 1 /3  - e  ia/4C2R-5/6 (4.9) 
where 
(We note  h e r e  tha t  61 + impl ies  t h a t  c o y  5 ,  + as assumed ear l ie r .  ) 
Thys t h e  imaginary p a r t  of a decays t o  z e r o  l i k e  some c o n s t a n t  
times The a c t u a l  value of t h i s  cons tan t  depends on t h e  vor tex  pro- 
f i l e  through the c o n s t a n t s  C1 and C2. we now determine t h e s e  c o n s t a n t s  f o r  
v o r t i c e s  governed by t h e  weakly n o n l i n e a r  theory  descr ibed  i n  S e c t i o n  3. If 
R-’l6. 
-21- 
t h e  v e l o c i t y  i s  g iven  by ( 3 . 1 ) ,  we find t h a t  
2n 5 2 
= -  (1 - A C) i = 0,1 'i k 3 
and 2 
w i t h  a similar formula f o r  L2 but  with v r e p l a c i n g  p. Hence 
L L 
c; = lO(1 -6 A 2  { F  ( p 1  + 36 "l ) + 12C)) 
s o  t h a t  t h e  asymptot ic  form f o r  t h e  growth rate i s  g iven  by 
(4.10) 
This  asymptote i s  p l o t t e d  i n  Figure 1 f o r  va r ious  va lues  of A a long  
wi th  t h e  corresponding weakly nonlinear d i s p e r s i o n  r e l a t i o n s .  The a sympto t i c  
form (4.10) i s  seen t o  a c c u r a t e l y  p r e d i c t  a i  
quenc ie s  and thus  p rov ides  a u s e f u l  check on t h e  c a l c u l a t i o n s  of S e c t i o n  3 .  
over a wide range of f r e -  
5.  THE NUMERICAL CALCULATION OF A FINITE AMPLITUDE TAnOR VORTEX 
Here w e  d e s c r i b e  how w e  i n t eg ra t ed  ( 2 . 3 )  numerically t o  f i n d  t h e  f i n i t e  
ampl i tude  Taylor vo r t ex  whose i n s t a b i l i t y  we wish t o  determine. The method 
-22- 
used is e s s e n t i a l l y  t h a t  desc r ibed  by Rogers and Beard (1969) who i n v e s t i g a t e d  
numer ica l ly  the classical Taylor problem d r i v e n  by t h e  motion of t h e  inne r  
c y l i n d e r .  Rogers and Beard so lved  a system similar t o  (2.3) by F o u r i e r  
expanding u and v i n  t h e  z d i r e c t i o n  and us ing  f i n i t e  d i f f e r e n c e s  i n  t h e  
r a d i a l  d i r e c t i o n .  Later Fasel and Booz (1984) performed r e l a t e d  c a l c u l a t i o n s  
u s i n g  f i n i t e  d i f f e r e n c e s  i n  both d i r e c t i o n s .  The method of t h e  l a t t e r  a u t h o r s  
is appa ren t ly  t h e  most e € f i c i e n t  a t  very h igh  Taylor  numbers where j e t - l i k e  
s t r u c t u r e s  develop along t h e  cy l inde r s .  Here we do not perform c a l c u l a t i o n s  
a t  such h igh  Taylor numbers, so  we use t h e  method of Rogers and Beard. 
Thus t h e  v e l o c i t y  components i n  (2.3) are expanded as 
OD 
u = 1 u n ( y , t )  cosknz, 
1 
00 
v = vo + 1 v ( y , k )  cosknz, n 1 
OD 
w = 1 wn(y,t)  sinknz. 
1 
Here we have a n t i c i p a t e d  t h e  usua l  r e s u l t  t h a t  t h e  only mean flow genera ted  by 
t h e  v o r t e x  i s  i n  t h e  azumuthal d i r e c t i o n .  The expansions (5.1) are then  
s u b s t i t u t e d  i n t o  (2.3), and t h e  c o e f f i c i e n t s  of cosknz are equated t o  g i v e  
an  i n f i n i t e  sequence of coupled non l inea r  d i f f e r e n t i a l  equa t ions  f o r  
{un} and {v,}. Thus f o r  example t h e  equa t ion  f o r  vo i s  
m 2 
a vO - - -  a - 1 ( U . V . )  
3 J Y  
- -
a t  a Y2 2 j = 1  
We o b t a i n  steady s t a t e  s o l u t i o n s  of (2.3) by i n t e g r a t i n g  forward i n  t i m e  from 
-23- 
some a p p r o p r i a t e  i n i t i a l  guess. A t  Taylor numbers c l o s e  t o  the  c r i t i c a l ,  t h e  
i n i t i a l  guess can be taken  t o  be the weakly non l inea r  s ta te  desc r ibed  i n  
S e c t i o n  4 .  A t  h igh  Taylor numbers the  i n i t i a l  guess was t aken  t o  be t h e  
e q u i l i b r a t e d  s o l u t i o n  from a previous  c a l c u l a t i o n  a t  a lower Taylor number. 
A f u l l y  i m p l i c i t  scheme w a s  used t o  march forward I n  t i m e .  Hence i f  
A t  is the  time s t e p  and h the  s t ep  l eng th  in t h e  y d i r e c t i o n  we o b t a i n  a 
s t a b l e  scheme f o r  A t  - O(h). The nonl inear  terms on t h e  r i g h t  hand s i d e  of 
t h e  d i s tu rbance  equa t ions  were always eva lua ted  e x p l i c i t l y .  The number of 
F o u r i e r  modes and i n t e r v a l s  i n  t h e  y d i r e c t i o n  requi red  t o  achieve  a so lu-  
In 
o r d e r  t o  monitor t h e  energy i n  d i f f e r e n t  harmonics, w e  followed Rogers and 
Beard and def ined  
t i o n  s u f f i c i e n t l y  a c c u r a t e  f o r  our purpose depends on t h e  r a t i o  - T T o  
C 
2 1/2 2 1/2 
E = I /  uqdl 9 Fq = {I vqd) 
Q O  0 
(5.3) 
The number of ax-a1 modes requi red  was v a r i e d  un t i l .  t h e  convergeL va lues  of 
E q ,  Fq achieved s u f f t c i e n t  accuracy. S i m i l a r l y  t h e  s t e p  l e n g t h  h was 
v a r i e d  u n t i l  E q ,  Fq converged t o  s u f f i c i e n t l y  a c c u r a t e  values.  For t h e  
c a l c u l a t i o n s  r epor t ed  he re ,  i t  was found t h a t  e i g h t  a x i a l  modes and h = .01 
were s u f f i c i e n t  t o  enable  us  t o  determine t h e  d i s p e r s i o n  r e l a t i o n  t o  t h e  
accuracy  i n d i c a t e d  i n  Sec t ion  7. I n  F igu res  2 and 3,  w e  have shown t h e  
dependence of E and Fq on T f o r  k = kc = 3.951 t h e  most dangerous 
Taylor  vo r t ex  mode. We see t h a t  a t  s u f f i c i e n t l y  small  va lues  of 
t h e  r e s u l t s  are c o n s i s t e n t  with the weakly non l inea r  r e s u l t s  which can be 
d e r i v e d  from Seminara (1976). However t h e  f u l l y  non l inea r  s o l u t i o n  d ive rges  
from t h e  asymptot ic  r e s u l t  a t  q u i t e  small va lues  of so  t h a t  t h e  
Q 
T - 1 )  
C 
T IT- - 1 )  
C 
-24- 
r e s u l t s  predicted i n  S e c t i o n  3 f o r  A = .15 are beyond t h e  range of 
v a l i d i t y  of the Taylor  v o r t e x  ampli tude expansion. However w e  see i n  F igure  1 
t h a t  t h e  f u l l  s o l u t i o n  f o r  T = 1.78 Tc g i v e s  va lues  of a i ( Q )  q u a l i t a -  
t i v e l y  s i m i l a r  t o  t h e  weakly nonl inear  r e s u l t s  f o r  most va lues  of t h e  
frequency shown i n  t h a t  f i gu re .  
Once the  Taylor v o r t e x  has  been computed, t h e  wavenumber a (Q, T) can be 
c a l c u l a t e d  using t h e  procedure o u t l i n e d  a t  t h e  end of S e c t i o n  2. The 
f u n c t i o n s  required in t h e  c a l c u l a t i o n  were eva lua ted  from t h e  series of 
asymptot ic  expansion of Ai depending on t h e  s i z e  of t h e  argument. The 
waveflow equation (2.13) w a s  solved by a f i n i t e  d i f f e r e n c e  method t o g e t h e r  
wi th  an i t e r a t i o n  procedure t o  e v a l u a t e  t h e  terms involv ing  z d e r i v a t i v e s .  In 
F i g u r e s  4 and 5, w e  have shown t h e  f u n c t i o n s  X (z),X,(z), +yyy(O,z) ,  
0 
( 1 , z )  obtained from such a c a l c u l a t i o n  a t  T = 11,000. We recal l  t h a t  a t  
+ Y Y Y  
T = T  
c r i t i c a l  Taylor number t h e  v o r t i c e s  have a s i g n i f i c a n t  efEect  on t h e  waveflow 
problem. We postpone u n t i l  Sec t ion  7 a d i s c u s s i o n  of t h e  r e s u l t s  obtained a t  
h i g h e r  Taylor numbers. The c a l c u l a t i o n  of t h e  f i n i t e  amplitude Taylor  vor tex  
beyond T - 27,000 was not p o s s i b l e  because it  i s  apparent ly  u n s t a b l e  t o  
a n o t h e r  Taylor v o r t e x  mode wi th  wave numbers The mode could of course 
be found f o r  T > 28,000 by s o l v i n g  t h e  s t e a d y  s ta te  e q u a t i o n s ,  but such a 
c a l c u l a t i o n  was no t  c a r r i e d  out .  
X o  = X 1  - 6, +yyy(O,z)  = ( 1 , z )  = 0 so t h a t  even a t  about twice t h e  
C YYY 
2kc. 
6. OBLIQIJT3 WAVES 
The method used t o  o b t a i n  t h e  d i s p e r s i o n  r e l a t i o n  in S e c t i o n  2 can be 
extended t o  deal with Tol lmien-Schl icht ing waves t r a v e l i n g  a t  an a n g l e  t o  t h e  
-25- 
.. 
main d i r e c t i o n  of flow of t h e  Taylor-Gortler vor tex .  In t h i s  case, t h e  
p e r t u r b a t i o n  v e l o c i t i e s  and pressure  w i l l  depend on t h e  slow Tollmien- 
S c h l i c h t i n g  cross-s t ream coord ina te  €2, as w e l l  as t h e  r e l a t i v e l y  f a s t  
v o r t e x  c o o r d i n a t e  z .  I n  t h e  boundary l a y e r ,  t h i s  f o r c e s  a much l a r g e r  pres-  
s u r e  g r a d i e n t  i n  t h e  z - d i r e c t i o n  which a l t e r s  t h e  s t r u c t u r e  of t h e  Elow there .  
I n  t h e  c o r e ,  t hen ,  t h e  per turba t ion  s c a l i n g s  ( 2 . 8 )  remain t h e  same, but  
( 2 . 9 )  i s  changed t o  
E = h exp(i(aX + B E Z  - a?)) h << 1. (6.1) 
T h i s  l e a v e s  t h e  core  flow problem (2.10a-d) unchanged and l e a d s  t o  t h e  same 
matching c o n d i t i o n s  (2.16 - 2.17). However, because of t h e  z-dependence i n  
(6.1),  t h e  pressure  g r a d i e n t  has  a component i n  t h e  z - d i r e c t i o n  of 
i n  t h e  boundary l a y e r ,  as opposed t o  0 ( c 6 )  beforehand. This  then f o r c e s  
t h e  fol lowing new s c a l i n g s  i n  t h e  boundary l a y e r  
O(c5) 
2 * 2 4  5 6 
Y = E y, P = P U m  [E po + E p,(z) + E p2(z)  + ... ] E  
* 2 2 4 5 2 
- u = Urn[(€ XoY,0,O) + (EllO + E  u1 + * . e ,  E vo + E  v l ,  + ..., E wo + 
E 3 w1 + ...) E ] .  
S u b s t i t u t i n g  t h e  above i n t o  t h e  Navier-Stokes equat ions  and l i n e a r i z i n g ,  w e  
o b t a i n  t h e  fol lowing two sets of equat ions 
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and 
i a u  + v  + w  = O  0 OY 02 
OYY i ( 4  + aXoY)uo + Xovo + XozYw = u 0 
- + w  
i(4 + aXoY)wo = -@Po P l z  OYY 
- = w o = O  on Y = O  uo - vo 
UO’ vo, W O ’  + 0, P o  - P o  as y +  
A - 
i a u l  + v + w + i B w O  = 0 1Y 12 
1 Y Y  i ( -n  + aXoY)ul + Xovl + XozYwl = - iapo  + u 
1YY i ( 4  + aXoY)wl = - iBpl  - P2= + w  
u = v  = w  = o  y = o  
1 1 1 
u 1 + Ao,  w1 + 0 as Y + m. 
Here we have ignored terms of O(h2) and O ( h 2 / E ) ;  t h e  l a t te r  of t h e  two 
terms makes the ex tens ion  of t h i s  work i n t o  t h e  weakly-nonlinear r eg ion  non- 
t r f v i a l .  
Equations ( 6 . 2 )  are t h e  same as (2.10) and (2.20) w i th  (G, ’ ; ,G)  





(0, iBpO + plz ,  0). Hence (6.2) can be reduced t o  t h e  e q u i v a l e n t  of (2.25):  
+ ~ B P O ) ~  + $,-,(PI + iBPO) = 0. 
z Z ( P l  
For p e r i o d i c  s o l u t i o n s  we have 
e 
1 -  2n - -  
2nlk -I zJ, gdz 1 = -iBp (1 0 P l z  
I e  dz 
0 
By adding - B x ( 6 . 2 ~ )  t o  (6.3b), w e  f i n d  t h a t  (6.3) are a l s o  t h e  same a 
e q u a t i o n s  as (2.10) and (2.20), but t h i s  t i m e  (G,;,;) are replaced by 
N 
(ul  + - B w v w ) and (:o,l , A o ) ,  are rep laced  by 
z a 0’ 1’  1 
I n  t h e  case B = 0, equat ion  (6.3) reduce t o  t h o s e  f o r  t h e  two dimensional 
d i s t u r b a n c e ,  while  (6.2) have t h e  t r i v i a l  z e r o  s o l u t i o n .  For t h e  case 
B f 0, we o b t a i n  t h e  fol lowing equat ion i n s t e a d  of (2.25) 
S u b s t i t u t i n g  f o r  plz from (6.4), using t h e  d e f i n i t i o n  of Ao,  ( 2.18 ) , t h e  
c o n d i t i o n  f o r  p e r i o d i c  s o l u t i o n s  of (6.5) becomes 
-28- 
2 B 2  l a  CI 
Io + -1 Po + - (P1 - Po) Ho 0 = (a 2 JO 
where IO, Jo, and HO are t h e  i n t e g r a l s  
z 
2a/k -I $0 
J 0 - + m 0  - l I  e dz 
A s  i n  Sec t ion  2,  we  can o b t a i n  a slmilar e x p r e s s i o n  t o  (6.6) from t h e  boundary 
l a y e r  i n  t h e  upper w a l l  y = 1. El imina t ing  Po and P1 between t h e s e  two 
e q u a t i o n s  and s i m p l i f y i n g  l e a d s  t o  t h e  d i s p e r s i o n  r e l a t i o n  
n a 
2 2 I + 1 HO 1 = - {  2 2  2 
a Io+ B /Jo a I1 + B /J1 
where t h e  i n t e g r a l s  11, J1, and H1 are d e f i n e d  i n  a similar manner t o  ( 6 . 7 )  
b u t  involving t h e  v a r i a b l e s  E,, ,I1, etc., corresponding t o  the  upper 
boundary layer .  
I t  can be seen  t h a t  i n  t h e  case = 0 (6.8) becomes t h e  d i s p e r s i o n  
r e l a t i o n  f o r  t w o  dimensional  d i s t u r b a n c e s  (2.28). I n  t h e  case of a two 
dimensional  flow wi th  no v o r t e x  motion, w e  o b t a i n  Io = I1 = Jo = J1 = 1 
and Ho = H1 = Ai'(5)/(iaX)1'3K(5), s o  t h a t  (6.8) would reduce t o  
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(a2 + S 2 )  = Aie(E) / ( iaA) ' I3  K(c). 
which i s ,  of cour se ,  t h e  usua l  e i g e n r e l a t i o n  f o r  t h r e e  dimensional 
d i s t u r b a n c e s .  We postpone a d i scuss ion  of t h e  numerical  r e s u l t s  w e  have 
ob ta ined  f o r  t h i s  e i g e n r e l a t i o n  u n t i l  t he  next s e c t i o n .  
7. RBSULTS AND DISCUSSION 
We s h a l l  concen t r a t e  our a t t e n t i o n  on t h e  e f f e c t  OE l o n g i t u d i n a l  v o r t i c e s  
on t h e  growth rate of Tollmien-Schlichting waves. Though t h e r e  is some 
i n t e r e s t  i n  t he  e f f e c t  of t h e  v o r t i c e s  on t h e  n e u t r a l  curve f o r  t h e  Tollmien- 
S c h l i c h t i n g  wave, i t  is t h e  e f f e c t  of t h e  v o r t i c e s  on t h e  growth rates which 
w i l l  be most r e l e v a n t  t o  the  c lose ly  r e l a t e d  e x t e r n a l  boundary l a y e r  
problem. In any case our c a l c u l a t i o n s  i n d i c a t e  t h a t  l a r g e  amplitude v o r t i c e s  
have l i t t l e  e f f e c t  on t h e  n e u t r a l  conf igu ra t ion  w h i l s t  even small amplitude 
v o r t i c e s  s i g n i f i c a n t l y  a l ter  t h e  growth rates i n  t h e  u n s t a b l e  regime. 
I n  F igures  6 and 7, w e  have shown t h e  growth rate and wavenumber of two- 
d imens iona l  Tollmien-Schlichting waves a t  d i f f e r e n t  va lues  of t h e  Taylor  
number T. The r e s u l t s  shown correspond t o  k = kc = 3.951 t h e  c r i t i ca l  
wavenumber of l i n e a r  theory  f o r  Taylor-Gortler v o r t i c e s .  The v o r t i c e s  have 
.. 
l i t t l e  e f f e c t  on t h e  n e u t r a l  frequency and t h e  s i z e  of t h e  l a r g e s t  ampl i f i -  
c a t i o n  rate. We see i n  F igure  6 a t  most f r equenc ie s  t h e  a m p l i f i c a t i o n  rate 
i n c r e a s e s  monotonically wi th  T. For T > 27,000 t h e  Taylor  v o r t e x  could no t  
be c a l c u l a t e d  because i t  was apparently uns t ab le  t o  a v o r t e x  wi th  twice t h e  
spanwise wavenumber of t h e  most dangerous mode of l i n e a r  theory .  The 
f requency  cor responding  t o  t h e  maximum growth rate i n c r e a s e s  wi th  T. 
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Moreover, the growth rates beyond t h e  maximum are s i g n i f i c a n t l y  i n c r e a s e d  
f o r  !J less than about 100. This r e s u l t  i s  of p a r t k u l a r  importance t o  t h e  
c o n t r o l  of e x t e r n a l  boundary l a y e r s  i f  a s imilar  resu l t  ho lds  f o r  such 
flows. Ce r t a in ly  t h e  known similari t ies between t h e  lower branch s t r u c t u r e s  
f o r  P o i s s e u i l l e  flow and B las ius  flow make t h a t  l i k e l y ,  but t h e r e  are 
d i f f i c u l t i e s  i n  apply ing  t h e  theory  t o  e x t e r n a l  f lows. The major d i f f i c u l t y  
i s  s u r p r i s i n g l y  not t h e  e f f e c t  of boundary l a y e r  growth which can be t aken  
care of as i n  Smith (1979b) but t h e  l ack  of a non l inea r  theory  f o r  G o r t l e r  
.. 
v o r t i c e s  i n  growing boundary l a y e r s .  Thus, though our approach of S e c t i o n  3 
i s  r e a d i l y  appl ied  t o  e x t e r n a l  f lows, t h e  absence of any knowledge of even 
weakly nonlinear G o r t l e r  v o r t i c e s  a t  O(1) wavenumbers p reven t s  u s  from 
.. 
completing such a n  i n v e s t i g a t i o n .  
For e x t e r n a l  f lows ,  t h e  l o c a l  Tollmien-Schlichting frequency i n c r e a s e s  as 
t h e  wave t r a v e l s  downstream and the  growth rate a d j u s t s  l o c a l l y .  Thus t h e  
t o t a l  growth of t h e  d i s t u r b a n c e  can be found by i n t e g r a t i n g  t h e  growth rate i n  
t h e  streamwise d i r e c t i o n .  In t h i s  con tex t  t h e  inc reased  growth rates shown i n  
F igu re  6 t o  t h e  r i g h t  of t h e  maximum are p o s s i b l y  s i g n i f i c a n t .  A s  a measure 
of t he  d e s t a b i l i z a t i o n  produced by the  v o r t i c e s ,  w e  can c a l c u l a t e  t h e  area 
between t h e  d i f € e r e n t  curves and t h e  Such a 
c a l c u l a t i o n  shows t h a t  f o r  T > 11,000 t h e  area is a t  least 30% g r e a t e r  t han  
di = 0 axis f o r  20 < SZ < 100. 
t h a t  f o r  P o i s s e u l l e  flow. Thus f o r  e x t e r n a l  f lows which can suppor t  
G o r t l e r  v o r t i c e s  it is  p o s s i b l e  t h a t  t h e i r  p resence  might cause t h e  premature 
growth of Tollmien-Schlichting waves. 
.. 
We f u r t h e r  n o t e  t h a t  F igure  6 shows t h a t  t h e  dependence of ai on 
il becomes inc reas ing ly  o s c i l l a t o r y  when T i n c r e a s e s .  We have no p h y s i c a l  
exp lana t ion  of why t h a t  should be t h e  case. The e f f e c t  of f i n i t e  ampl i tude  
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vortices on the Tollmien-Schlicting wavenumber is shown in Figure 7. The 
wavenumber increases monotonically with T, but the rate of increase is very 
small between T = 19000 and T = 27000. 
In Figures 8 and 9, we have shown how the oblique Tollmien-Schlichting 
waves discussed in Section 6 respond to the presence of longitudinal vortices 
at T = 11000. The results are similar to those shown in Figure 4 and again 
suggest that longtitudinal vortices with k = kc can significantly 
destabilize Tollmien-Schlichting waves. 
We should note that for the channel problem Tollmien-Schlichting 
instabilities might be expected to occur first at finite Reynolds numbers. 
For external flows this is also possible, but there it seems more natural to 
make a high Reynolds number approximation since there would not be a boundary 
layer unless the Reynolds number were large. Thus it might be argued for 
external flows that the most significant linear instability calculation is one 
which calculates the amplification rates between the upper and lower branches 
of the neutral curve. ‘Since the motivation for our calculation was to shed 
light on the possible effects of longitudinal vortices on Tollmien-Schlichting 
waves i n  boundary layers, we feel that a large Reynolds number assumption is 
sensible. We note however that at finite Reynolds the normal and spanwise 
velocity components of the longitudinal vortex are no longer negligible and 
the z-dependence of the vortex does not become parametric in any region of the 
flow. Thus at finite Reynolds number the computations required would be 
significantly larger than those discussed here. 
Our aim in this work has been to find the effect of finite amplitude 
longitudinal vortex structures on the growth of infinitesimal Tollmien- 
Schlichting waves in curved channel flows. We have ignored the possibility 
-32- 
that the vortices become unstable to time-dependent nonaxisymmetric vortex 
modes of the type which lead to the onset of wavy vortex flows in the Taylor 
problem. We note that Hall (1982b) has shown that such disturbances occur in 
external flows over curved walls so this possible mechanism for the onset of a 
time-periodic secondary instability should not be ignored. However, if the 
latter mode does indeed occur in curved channel flows, the question of whether 
it or Tollmien-Schlichting waves are the cause of the secondary instability of 
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CAPTIONS 
Figure  1. The growth rates p red ic t ed  by t h e  weakly non l inea r  theory  and t h e  
cor responding  asymptotic results f o r  l a r g e r  va lues  of il . The 
f u l l  numerical s o l u t i o n  f o r  T = 8800 i s  a l s o  shown. 
F igu re  2. The f u n c t i o n s  E l ,  E2, E3, E4 a t  d i f f e r e n t  Taylor numbers. 
Fo, F1, F2 ,  F3, F a t  d i f f e r e n t  Taylor numbers. 4 Figure  3. The f u n c t i o n s  
F igure  4 .  The s h e a r  stresses A and X 1  as f u n c t i o n s  of z f o r  T = 11,000, 0 
k = 3.951. 
F igure  5. The f u n c t i o n s  4,, ( - ,z) ,  o,, (1,z) f o r  T = 11,000, k = 3.951. 
F igu re  6 .  The wavenumber a as a func t ion  of Sl f o r  s e v e r a l  va lues  of r 
T w i t h  B = 0. 
5 
Figure  7. The growth r a t e  a i  as a f u n c t i o n  of Sl f o r  s e v e r a l  va lues  of T 
w i t h  B = 0. 
F igu re  8. The wavenumber a as a func t ion  of Sl f o r  T = 0, 11000 wi th  r 
B = 2. 
Figure  9. The growth rate a as a f u n c t i o n  of n € o r  T = 0, 11,000 wi th  i 
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